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^: On some interpolation theorems for 

^\ the multiphers of the Cauchy- Stiltjes 

^1 type integrals 

u: 

^ ■ Peyo Stoilov 

: 

, ■ Abstract 

Let rria {a > 0) denote the set of all multiphers of the analytic 

^ . functions in the unit disk D, representable by a Cauchy - Stiltjes type 

^ : integral / 1/(1 - C^)"(i^(C). 

0\ . T 

00 ■ Let the sequence a = {afc}fc>i C D and 

O ; 

^! Raf = {f{ak)}k>i, Saf = {f'{ak){l - \akf}k>i. 

00 . In this paper we prove that if a sequence a = {aA:}fc>i C D satisfies 

^P. I conditions of Newman - Carleson and Stoltz , then 

> ■ 

Raf = K, Saf = l\ 

1 Introduction 

Let D denote the unit disk in the complex plane and T - the unit circle. For 
< p < cxD let be the usual Hardy class [1] . 

Let M be the Banach space of all complex-valued Borel measures on T 
with the usual variation norm. For a > , let Fq, denote the family of all 
functions g for which there exists ^ E M such that 

g{z) = I ^ dfxiO, ZED. (1) 

T 
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We note that is a Banach space with the natural norm 

WgWp^ — inf {||/x|| : II & M such that (1) holds } . 

The family was introduced in [2] and the following results were proved 
there: 

lifeF^,geFp, then fg e F^+p {a > 0, p > 0) . 
li a < (3, then Fa <Z Fp . 

Definition. Suppose that f is holomorphic in D . Then f is called a 
multiplier of F^ if g e Fa ^ fg e Fa . 

Let rUa denote the set of all multipliers of Fa and 

ll/IU=«up{ll/^lk:|l5lk<l}- 

Various properties of were studied in [3], [8]. For example it is proved 
that a < f3 implies rUa C rUa C H°° . Also it is proved that if f e H^, then 
/ G rria for all a > . 

These results will be applied here. 

In this paper some interpolation theorems for mi and Fi obtained in [4] 
and [7] are generalized for nia and Fa . 



2 Interpolation theorems 



Definition. We say that a sequence a — {ak}k>i C D satisfies Newman 
Carleson condition ( condition ( N — C )) if 



5(a) = inf ( n 



ak — ttn 



1 — ttkUr, 



n=l,2,...) >0. 



Definition. We say that a sequence a — {ak}k>i C D satisfies the Stoltz 
condition (condition ( S )) if 



A(a)=sup(i^ — A;=l,2,...) < oo. 



1 - \ak\ 

We will need the following Lemma 
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Lemma 1. If a sequence a — {afe}jk>i C D satisfy conditions ( N — C ) 
and ( S ) then 



VL{a) = sup ^jT— 



(1- k'A:l)y 



< oo. 



The proof of this Lemma can be found, for example in [5] (10.2 Lemma 11) 
or [6]. 

Let V- and is the class of sequences: 

= {x = {xk}k>i- lklLi=X]kfe| < oo ), 

k>l 

hv ^ {x ^ {xk}k>i \\x\\^^^^\xk+i- Xk\ < oo). 

k>l 

The following two theorems were proved in [4] for a = 1. 

Theorem 1. Let a > and the sequence a — {ak}k>i {^k^ cin if 
n and |afc| < |afc+i| ) satisfy conditions ( N — C ) and ( S ). 

Then 

a) If f e nia, then {fiak)}k>i e K; 

b) For each sequence x = {xk}k>i £ K , there is a function f in rria , 
such that f{ak) — Xk, k — 1,2, 

Proof, a) Let / e m^. Then 

ll{/K)}||.„ = E l/K) - /K+i)l < E l/K) - fiM\ + 

k>l k>l 

+ E \f{\ak\) - f(\ak+i\)\ + E \f(\ak+i\ - /(a^+i)! < 2A(/) + /(/) , 

k>l k>l 

where 

k>l 
k>l 

In [3] (Theorem 2.6) it was proved that Ifi^)] dr < oo and consequently 

oo. 



nf)<Yl [ \f'(^)\dr< f\f\r)\dr 

- |a/c+i| 
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We will show that A(/) < oo too. 

Let n > [a] + 1 is a natural number. Then rUa C m„ and / e m„. 
Since ||1/(1 — — 1 , then there exists a measurer e M for which 



m 

(1 - zy 



For A(/) we obtain 

A(/) =E 



fe>i 



1 - Qfc 
C - a*; 



1 - 



fc>i 



E 

fe>i 



1 


- CLk 


1 - 






c 


- ak 


c- 


\ak\ 




/ 


|1- 


?| kfc - 


- kfell 


T 


ic- 


«ikl IC - 


- lofell 



C \a\J ^^^^^ 

^(Oc^l/^KC), 



< 



where 



n-l 



i(c) = E 



fc=0 



1 - ttfe 



C - «fe 



1 - \ak\ 



< 



n-l 

E 

fe=0 



1 - ak 



1 - lofcl 



< 



n-l 

Ea' 

A;=0 



n— fe— 1 



< 



1 - A" 
1- A 



Therefore 



|1 - CI \ak - \ak\\ 
ak\ IC - |«fc|| 



c^l/^KC). 



Using the condition (S), we obtain 





\ak 




flfe - 1 + 


1 - 


' l«fc|| 


1 - 1 


ak\ 




1 - 







C - kfcl 



C - «fe 



< 1 + 







IC- 


Oifcl 



< 1 + A, 



< 1 + ^— — < 2 + A. 

1 - lOfcl 



(2) 
(3) 



It follows from the above inequalities that 
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A(/) < ^(i + A)(2 + A) / E^^nS^ ^i^i(^) ^ 
<^(i + A)(2 + A)iHi sup E^fnS^^ 

-I- — A Apt rrr c — ai. 



1 \n 

— — (1 + A)(2 + A)|H| sup E 





|i-CI(i 




kfcl ) 


(1- 


Wk\y + \ 




2 


|i-cr 



Here we used the inequalities 



IC - lafell' = {C-WDiC-M - l-|afe| (C+C)+|afe|' - (l-|a,|)2+|afe| ( 2-C-C ) = 



- (l-|afc|)2+|afc| (1-0(1-0 = {l-\ak\f+W\ |1 - Cl' > {l-\ak\f+\(^kf |1 - Cl' > 

> {1 - \a,\f + \a^f \1 - Cf . 
Applying Lemma 1 for y = |ai| |1 — , we obtain 

1 — A" 

Hf) < II/IUy3x(i + ^)(2 + ^) W(«;^)})/KI <oo. 

Consequently 

ll{/(«fe)}IL ^2A(/) + /(/)<oo and {/(a,)}fe>i e 6, . 

6^ Let X = {xk}k>i e bv Prom the theorem of Vinogradov [6] it follows that 
there exists an analytic function / , such that /' G and f{ak) — Xk, k — 
1,2, Since feH^, it follows that f e rua for all a > [3]. 



Theorem 2. Let a > and the sequence a = {ak}k>i {o,k C'n if k ^ 
n and \ak\ < \ak+i\ ) satisfy conditions ( N — C ) and ( S ). 
Then 

a) If g e Fa, then {(1 - (ik)" g{ak)}k>i G K; 

b) For each sequence x = {xk}k>i G 6„ , there is a function g in F^ , 
such that (1 — ak)°'g{ak) = x^, k = 1,2, . . . . 
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Proof, a) Let g E and f{z) = (1 — z)" g{z) . If n > [a] + 1 is a natural 
number, then 

fiz) f{z) 1 1 ^ p p 



and from the proof of Theorem 1 follows 

{/(afc)}fc>i = {(1 - auT 9{ak)}k>i e K. 

b) Let X = {xk}k>i e ^'i;- Prom Theorem 1 it follows that there exists a 
function / G such that /(a^) = Xk, k — 1,2, .... Then g(z) — jfi§js £ -^a 
and {1 - ak)'^g{ak) ^ Xk, A; =1,2,.... 

The following theorem generalizes a result in [7]. 

Theorem 3. Let a > and the sequence a — {ak}k>i satisfy conditions 
( N -C ) and ( S ). 

Then 

a) If f e rua, then { /'(afe)(l - \akf }k>i e ^i; 

b) For each sequence x = {xk}k>i G h , there is a function f in rUa such 
that f{ak){l -\akf) ^ Xk, A; = 1,2,.... 

Proof, a) Let / G rUa and n > [a] + 1 is a natural number. Since / G m„ 
then there exists a measure jj, & M for which 

■^^'^ - ^ ^ -dm; 



T 

m = I (^)"^MC); 

T 

T 

Using the condition (S) and (3) , we obtain 



Y,\f'iak)\{l-\akf)<n 

k>l ^ fc>l 



1 - ttfc 


n-1 


i-CI(i- 






C- «fc 


IC - «fe| 


2 
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< 2nX' 



k>i \C-M 



< 2nA"-^(2 + A) 



2 II II 1 - C (1 - Qfc 

\r I i|2 



< 2nA"-^(2 + A) 



2, 1.. I, _ li-CI(i-kl) 

C.T f^(l-|a,|)2+|aiP|l-Cr 



Applying Lemma 1 for y = |ai| |1 — C| , we obtain 

J2\fM{l-\akf) < \\f\LjnX--\2 + Xyn{{f{a,)})/\a,\ < oo. 



k>l 



Consequently {/(afc)}A;>i G h. 

b) Let X = {xk}k>i G ^1- We construct the following function 



h{z) 



Since 



(1 - \anf)Bn{z) 



where Bniz) 



TT ^ — Qfc |Qfc| 



fc=i 



1 1 |2 

1 - |a„| 


= -/■ 


1 1 |2 

1 - |a„| 


(1 - an2;)2 




|1 - a„C|' 



1 — la,. 



.C)(C- an) 



dC =1, 



|Sn(an)| >(^(a) >0, 



then 



liji < II^ILi /<^(a) < oo and h e if"*". 
Let /(^) = E IS im^Hz)). 

k>0 

Since /' e then / e ma for all a > [3] and 

/'(afc)(l - |afc|^) = /i(ajk)(l - \ak\^) ^ Xk, k= 1,2,... 
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